
Lecture 3

Last two leatures : UnitarySymmetry operators ,
their defects.

andanomalies

This leature : generalized symmetry on the lattice

-> Non-invertible and higher-form Symmetry
-> currently lacks a general understanding

=> focus onexamples.

Non-investible Symmetry in 1Hd

Consider lattice on S' with 2 sites and for a

finite groue
G (Called G-guaits)

2g147 = 8qh

-> Hom (G.UCI) Onsite Symmetry operators

g 5 = 1

with g = (91r92192) and XEHom (GrUCI)

e.g . G = L2 : Each Hj is a gubit and

Wtriv = 1 wsim = ※ zj ,

Each7 is a ld reg of G
.

What about general
Unitary irref

GL (dr.4)



Let

-> generalizes the We operators.

-> follows from representation theory

=>EW -Breinca are RepCE) - Symmetry operators.

Non-inventible Symmetry if G i non-abelian :

=> For non-abelian G
,

F an irref" With dry
⇒ Math fact : Every ↑ with dr > 1 has at least one

9 - G with Try (91 = o

=> We with 1 and dri is non-invertible.

↳ simple statement about a matrix.

Example : E = Ss = <N. s / r3 = s = 1
,

Srs" = r) .

->threeirreps:

1) trivial : 生 Cr) = ( IESO = (

2) Sign : β ( 「) = 1 ↑ (S)= - 1

E (r) = Cos(24/3) - Sin (24/31 sin (25/3) cos(25/3)



-> symmetry operators We = 1
. Wo . We satisfy

W
。
^= 4

Non-invertibility: Trz (S) = 0 =>> WE isnon-invertiale

There are infinitely many Rep (G)-symmetric local Hamiltonians.

Example :

let onoigy = 1ng3 .

allg )= Igh") F 1 g > = 8
g,

1g>

Rep (G) Potts model

トに品段孫 -臨 によ
-> For G =

y ,
this is the g-state Potts model

(For g = 2
,

it's the Ising model

-> 4 1: Rep (G) SSB ghase
h 1 : Rey (6) Symmetric ghase.

Rey (G) symmetry defects>
dual irreg FIS) = ↑ (g)

*

We insent apair of M4 defects using the truncation

X
, B, 9

with I = [J2 . 6M1 (Natural when We written as an MPO



-> Not an operator of1 for dp21 .
Instead a linear may

'

11 --> Ildefect = 11 & Kdo jdr

Let (WE) = [
_ MF)+Gap 123(60LpIr(9). The

X
, B, 9

defect insertion may satisfies

-> Note : di WiF is an isometry
->spacetime eicture

IWITWE =f.

(Wrirt

=> de Hgl
.

-> Lattice version of how topological defect lines in Hld Euclidean

QFT satisfy

(Ova) = quantum dim
. of a

Movement operator Mid satisfies

B
,

8.9



-> Is a unitary operator and satisfies

Trdefect (M ?M ... Mi / = Wi (defect- operator

Examele in Rep (G) Potts model

For non-invertible symmetry defects
,

defeat Hamiltonian found by

WIH = HCF Wit

-> HCF) = IQ HOH + SH2 + SHe with
.

e .g.

8Ha =- Ʃ 40(@- *) %皆やHEO

=> act nontrivially on the defects Hilbert space

Rey (G) -

Symmetryaction
Let O be a local operator with support RC1.

for RC I
.

The action of Wr on O is

≡ arCol_

->spacetime picture

IWITTOWE = 1.
(Wert

#Wi



-> Generally. & (0 , 02) #<r (01) <n (02)
=> spacetime picture

. amummmms

~

->>- Nontrivial line operator ,

Remarks

1) This Rep (G) example generalizes to RegCH) Symmetry
with H a finite-dim semisimple Hopf algebra
↓ Tia24 ; Lu

, Chatterjee ,
Tantivasadakarn '26]

->Anomaly- free fusion category Symmetry.

2) defining non-invertible symmetry operators is an active topic.

3) For systems with Finite dimf;

-> quantum dims E &

-> tensor product 11 : only integral fusion category symmetries
can be realized (Evans. Jones '25/

quantum dims
^

~ weakly integral fusion cats can be realized
E /7

by mixing with QCA sym

JInamura '26 ; Wen . Inamura
_

Schäfer-Nameki (26)

realizeable .-> general 11 : Any Unitary fusion cat sym
(Anyon chains

4) Every unitary fusion cat sym realizeable for tensor

product 19 if dimfl; infinite (Bunner . Jones /26)



Higher-form Symmetry
An n-form Symmetry in a (d+/C Hamiltonian lattice

System has

1) topological operators with support on a din cycle :

-> UIC) = UCE) if C homologous to

In Space!

〜

2) topological defects with support on a d-n-1 cycle.

egud =2 and nal :

·aspace Caneninnt
is

Higher-form symmetry operators do not exist on tensor product
Hilbert Spaces

suppose I=& Hj and C and I have disjoint support.

->UIC) = V,* H
;

and U(C) =1 @ Ve

-> U(C) = UCC) = V, # :
= 1, Ve

=> Uc & 1
, and V.

& HE

What i possible forQHj :

With Bc supported in region between C andC.



→ Suppose E Mutually commuting local projectors [P; Bjer
sit.

. P
=T P

;
Satisfies

[P
,
UCC)) = 0.

dim (Im (P) <O

=> On Subspace IM(P) 271 : U(C1 = UCE

-> [UCC) are higher-form symmetry opeatorson Atog = Im20

=> SUCCI) are "lattice higher-form" symmetry operators with

respect to

(Also called non-topolyical ,
faithful

,
or non-relativistic

higher-form symmetry operators(

-> Lattice higher-form symmetry operators can still give rise

to topological defects on a tensor-product Hilbert Space.

Example

Let 1 be theSquare lattice with a gubit on each edge

ff = Q 02

ech

For each lattice loop 1
,

let

WCL = TT Ze lesecl

->satisfies 7z grove law WCR" = 1.



Denote by fiature
means take product !

- Projector to By = / States
.

βe=i
-> Ever WCR satisfies

=> SWCDS are 12 1- form symmetry operators on

Utuf = Im Tef=
{ 14)ese ( Be ( 4) = 14) e

=> [WCe)) are lattice +form Symmetry operators with respect

The most generalz lattice 1- form Symmetry operator have takes

↓he form

↑2-Valued 1-cycle.

U = [veCeT E Z
,
(1:2)

e

-> The projector #P, implements quotient

z. (1i2)-> Hi(dikur

Symmetri Hamiltonian : Toric Code

H = - & As - [Be with As:
-> [H . WCUPP = 0 F UEZ. (1: 72)



-> Exactly - solvable : [As, By are mutually commuting
.

=> Ground State Space : As = Bg = 1.

=> fgs <Ftog : 22 7form Symmetry arising from [WCU)Pozz
, (1 : 42r

-> can insert symmetry defect by truncating WCU) :

↓ defect

H Hester Hr = H+ 2 Ar
.

-> on Full Hilbert Space.

=> topological defect :

Ho
.

= U
.zHrs Uiz with unitary U. c=, Z.

Outlook of these lectures

We talked about

1) Unitary symmetry operators ,
their defects

,
and anomalies.

onfle lattice

2) Non-invertible and higher-form Symmetry on the lattice

Didn't have time for a lot of cool topics :

operator algebra framework onsiteability , Blendability Families
」 1

of lattice systems. phases of matter
, garging ,

fermionic lattica

systems .
More general crystalline symmetrics and their LSM

anomalies. SubsystemSymmetry and fractors
.

Anomalies of

continous UnitarySymmetry and generalizedSymmetry. Lattia

higher-grou symmetry .
Ancillae,



Lots of exciting open
directions :

In m view , the most exciting frontier of symmetry is symmetry on

the lattice

- use symmetry to clarify relationship between quantum
lattice systems and QFTs.

- use symmetry to characterize
, classify , and constrain

quantum entanglement and quantumphases of matter

Advertisement

Symmetry Seminar : Weekly Virtual Seminar Series each

Thursday & 39m London time.

(Sites.google . com/view/symmetrysemiran)


