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- Lattice Hamiltonian Systems
- Unitary Symmetry operators :

onsite<FDQCS CQCAs

Thi lecture : defects and anomalies

Defects

A defect is a localized modification to a theory
.
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In a Hamiltonian theory ,
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Spacetime for comment

Euclidean theory: (pou of Inaki's lecture
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-> Both are localized modifications of Euclidean path integral

Hamiltonian interpretation
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Partition function :

Trpos(ePH] Tre [eBH)

Symmetry defects

A symmetry defect is

1) a topological defect :a defect whose support is changed
ン

using Unitary "movement operators
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Unitary ucio has support supp (U) e dirgt
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=> EnergySpectrum independent of symmetry defect's location

2) Implements a symmetry transformation across space :
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=>A is the symmetry defect for the Symmetry operator
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of-dept for an FDQC U
,

a 1-symmetry defect can be inserted{
Using a locality -

preserving Unitary UB Satisfying
whinB ,

vout SuppCo) deep inside of B

UBOUs = { ㆁ suppor far outside of B

CUB is a truncation of U to B
-> Us inserts a U-Symmetry defect at 83.

In ItHd

->Spacetime intuition : truncated operator corresponds to Euclidean

theory defect

¤
->space

-> Example With depth 2 FDQC ,
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=> truncation of the FDQC to the interval [3 . 12/

-> Fails for a QCA that is not an FDQC : A nontrivial GNUW

index is a obstruction to a locality-preserving . Unitary fruncation.

(Because such QCAs transport information across space.

Ising chain example

Ising chain with a 4- symmetry defect

1) Truncate Y to interval I = [J2
.Jr/

I = 成 な
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2) Conjugate H:

YHM = = H + 2 Zie-Zie + 2 =inZiat
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Twisted translations :

-> satisfies (2conf)" = 4.

Anomalies

Consider discrete G-Symmetry [UglgeG in Hld with

1) control space X = S

2) every Ug is a FDQC -> automatically true for finite G

With QCA symmetry operators
I
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g

to U
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=> Engin is a "Splitting" operator for a gh defect.-

Associativity

=>rgh Erghik = (4 rnk (Ug)t) rgink

=> ~2nk
= Wirhik) (4 rk (Ug) rignk

where W : G-> Usi
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The anomaly of the G-symmetry is classified by the

cohomology class

-> From its def
.

W Satisfies the 3-cocycle condition



-> Redefining Rin He ei01gh 22 gry changes w by
a 3-coboundary

Note : Agrees with the classification ofit Hooft anomalies

in QFT
.

(Suprising : The lattice is non-relativistic. No continuum limit needed

Example : CZX symmetry

Consider Ald lattice system of even L sites with a gubit
per site

, and the FDQC

u = 荘 CEii以域 な

-> controlled - Z gate CZjK = [ (1 + zj +Zk-Ejzk)

U Satisfies :

UTIUt
=

EZ
., TjZtl. UEElt = - Ex

=> U
2

= 1 = U generatesa 7 2 symmatry

A symmetric Hamiltonian :

H= (i+ E :iA: Zit)

Fun facts : 1) IR limit is R =12 Compact boson CFT

2) Critical point between inequivalent [2X2 SPT phases



U-symmetry defect

1) Truncate U to interral I = [J2.Js/

UI= cZist,t
2) Conjugate H:

U . HU = H t δH
.

t δ HR

with
,

e .g.,

SHr = - TorZist(Zirtisnt
- ZinJatint

3) Defect Hamiltonian : HOM = H + SHa
.

-> Movement operator

Min = UsjuntIs UI =

CZiricnti *
bBt
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.

I Il1 어

Zjiz =⇒UIFC R
=

( L -OLIHZjiZja 」IR

⇒ rn = E
よrm"

->anomaly 3-cocycle



=> The cohomolgy class of 2W5 is nontrivia.

Since every normalized 3-coboundary satisfies

= U generates an anomalous2 Symmetry.
(becomes the diagual IXK Sym in the continuum

Remarks :

1) The anomaly of a symmetry is not a feature
ofa specific Hamiltonian

2) Onsite symmetries are anomaly-free

-> If every Ug = #U = every Ng .2 & H => Wignik) = 1.

3) For ever QCA W. the anomaly is invariant under

Ug H WUgWt = Ug

-> can use T = WUWT = Rin = WRNt which has

same 3-cocycle was 2gh.

4) The anomaly ofEUgggeG is the product [WS[W

5) F a 271d generalization(Kapustin .
Xu '25 : Kawagoe , Shirley

'25

->classified by 7)%(G .UII



This Itld anomaly on the lattice implies :

1) obstruction to
garging (Seifnashri 2023

2) obstruction to trivially gapped phase (Kapustin & Soyenko 2028)

3) Anomaly inflow with a 2Ald SP+

(Els& Nayak 2018. Kawagoe & Levin 2021)

General QCAs

Suppose discrete G-symmetry [UgigEG
with each Ug

a QCA but not necessarily an FDQC

-> ie. Ug could be lattice translations.

USiThe anomaly can b calculated ng the following trick.

(Kapustin & Sopenko 2024

1) Double the system : 9; Hj9j.

2) Consider symmetry operators

UgQ Eg"

For prime dimflj = > .
each Ug = Th8g .

Let

(Generalizes based on prime factors of dimflj)

=>From GNVW index :

EgYa=Egh UgOTg' is an FDQC



6) The EYggea Symmetry is manifestly anomaly free

=> Anomaly of [UgOtg'gEG is the same as that

Example : LSM anomaly

Infinite lattice with < XG Symmetry operators :

1) lattice translation ↑ (not an FDQC)

2) Onsite G - symmetry operators

with 2-cocycle U : GMUC

-> Each unit-cell associated with projective representation [21

stacking trick :

T→ TOT -
1

4g H-> UgQ1.

can show that the anomaly cocycle is

=> [W1F1 iff [US = (

=> Related to 71'(L
. 71CGUCI) EH(GUI) in the Kunneth

formula of 7)(xG, ucir



=> Finite - System method : Projective representation of [UggEG
at 1 sites differs from that at 1-1 Sites by SUS

called a Lieb-Schultz-Mattis (LSM) anomaly

->Generalization of the LSM theorem,


