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Goal : Introduce basic aspects of the framework with examples

(dess emphasis on applications due to time.

Why care abou the lattice?

1) QFT you : Mathematically controlled setting for non-perturbative physics.

computational study and quantum-simulation

2) Quantum lattice matter: Condensed matter and AMO systems.

Two Slogans :

1) Sometimes the lattice is a regulator. Sometimes it's the physics

2) Sometimes the QFT is the Starting point. .

Sometimes its the answer.

Mutualisti relationship

Knowledge

~
continuum lattice



-> Modern examples

Foliated field theory- Fractions

Generalized Symmetry--New lattice models

with interesting phases andphase

transitions

Hamiltonian lattice system : spatial lattice and continuous time.

Example : Ising Chain (warm up example

Hld lattice system on a ring with a gubit on each

Site j and total # of sites = L ↳aka spin 1/2.
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Onsite tensor product Hilbert Space

に 思々
->Sita j Pauli operators Xj and Zj(JwjtL) :
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Hamiltonian H =

-&ZjZjt-h
-> locality : Each term involves at most neighboring gubits



General Set ut

A (n +11d lattice system is specified
↑ or other dimensional cells

1) spatial lattice : Discrete set of lattice Sites 1 With an

n-dimensional metri( Space X locally finite, injective mas

1* X

->A gives a notion of spatial dimension and distance

2) Onsite Hilbert Spaces

Hilbert space in finite region 4 : In= M
.

-> for finite 1
,

total Hilbert space isHe

-> For infinite 1 H is ill-defined.
√

2.9., for 14> =④1な > and1PC : & - 14j)
,

the inner-product
jEr jEΛ

[P14) 2 # 1-1) doesn't converge

(Total Hilbert Space found using a reference State : GNS construction

3) Local projectors {PjBjer

4) Hamiltonian H = [ hn 711-
iah

-> Eachhi a Hermition operator ofJr.

-> Strict - locality : hp = 0 if diam(r) > TH With H the
finite range of H.

↳ Independent of 111 for finite 1.



-> For infinite 1
. only [OrH1 = 1870 is a well defined operator.

[O. H1 = Ʃ [O . hr2n1r] JA finite sum
.

M : InSuppC0) Fo

comments :

1) locality baked into theSet up.

2) Infinite 1 is subtle (we'll try to stick to finite 1)

We will assume : (ForSimelicity
1) dimH; < 0

2) Lectures 182 : No nontrivial projectors

3) Lectures 1 & 2 in11d
,

Lecture 3 in Hld andItld

Graplike Symmetry
An operator U is a symmetry operator iff U is

1) Cantif Unitary : UT = U" (we'll restrict to unitaries

Not needed in [2) locality - respecting : U OUT is a local operator for each

Otld QM, loca operato O

-> a grove

A G- Symmetry is a collection [Ugget of Symmetry operators

satisfying

1) Group law : HgUn = ei0C9hUgh.



2) faithfulness :

Uga 1 iff g
=
1 .

The Symmetry of a Hamiltonian H is a G-symmetry
such that

[Ug .
H) =0 v g

-> Note : Symmetry can be stated without a reference symmetric
Hamiltonian in mind .

Ising Chain Symmetry:

Consider th operators
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translation operator T TX
,
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j+ TEIT+= Zjti
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reflection operator & &XjR
+

= X-j REZRT = Z
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-> All ar symmetry operators

->Satisfy
y

'

= 1 T
'
= 1 R의

YT = TY YR = RM RT = T
'

R

=> Generate a &ex & Symmetry
->

satisfy [Y. H 1 = [T.HJ = [R. H 1 = 0

=> Izx Dac Symmetry of the Ising Chain.



Quantum Cellular Automaton (QCA)

A special class of unitary Symmetry operators are QCAs.

-> U is a QCA if for each local operator ㆁ

supported in M

supe (Hout) [ ntr

With Mtr all Sites within a finite distancer 4.

니
^ _

annem manmuumr-

=> Minimal Suchis called the range of U.

->> QCAs generate strictly locality-preserving symmetries.

In the Ising Chain :

Symmetry operator QCA?

ー

に 草 な I Yes (range or

translation T Yes (range 1.

reflectio & No

A QCA U with range O is called an onsite unitary
-> e.g. 서 is onsite.



-> U is onsite E U= Up with UjEMCHI

Finite-depth quantum Circuit (FDQC
↑ finite in thermodynamic

A QCA U is a FDQC with deeth & iff limit

U = UCDOUC-O .
- U' .UFTOU

with [UCK) local unitary operators satisfying☆

-> U are called gates.
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Consite unitaries & < [FDQCs) < [QCAS)

with CEj
」K
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Example: CZijt = Twu
.
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Anti-example : Lattic translation T

[Gross-Nesme-Vogts- Werner (GNUW) 2009/

GNVW index

Every QCA U has 때 index ind (U)
-> Measures net transport quantum information across a spatial

cut.

=> For translation TOjTT = Ojt

ind (T) = dimfj.

For bosonic Hld lattice systems
(Won't give full def here

ind(U) = GNVW index of U E¢
x

Group homomoughism ind : GRCA -> Qo

ind (UV) = ind (U) ind (V) ind(4-)) = ind (U)
-

-> Satisfies

ind(U) = 1> U is an FDQC ind (UQV) = ind (U) ind (V)
=> T is not an FDQC

Examples :

1) gubit translations :

2) gutrit translations : ind)[gutrit) = 3
.

ind (gutrit) = 1/3



3H,
= K2K3 : ind (TqubitTgutrit) = 6

, ind (TgubitTutrit) = 2/3

4) For prime dimflj = & Every QCA U admits decomposition
U = T " C with 2 an FD QC

ind(U) = ind (5"ind(C) = 9"

Remarks :

1) For every
QCA U

.
UQH" is an FDQC

→ inl ( uou" ) = indlal indCU)
"

= (

-> Explicit expression :

let UA = UQ H
.

UB = HOU
,

and S = #Sj sways
the two tensor systems.

⇒UBU-= UAUB
'

= UA SUA
'

S = ⑫ UASzUA
"

2 :
↑ in thermodynamic limit

2) For a finite G - Symmetry of QCAs [UglgeG ,
esch Ug

s an FDQC.

-> Every Ug Satisfies yord(9) aHI.

=> ind (Ug) =


