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Electron correlation problem

N interacting fermions

min <\IJN | H ‘ \IJN>
|\I’N>€Hi\r

N-fermion Hilbert space
exponentially large

= hopeless !7



exponential wall/scaling
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[L.Veiss, Juelich Correl217]



Significance of Interacting
particle systems?

Which systems?

Why to simulate them
on a computer?



Systems

small

virus

atoms T SR proteins capsids organelles bacterium
coarse-grained molecular dynamics
all-atom molecular dynamics
quantum mechanical simulations
1A 1nm 10nm 100nm 1um
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Signiﬁcanee

industrial catalysis

\‘ -

battery materials screens & processors




Simulation (on a computer)?

accelerating drug discovery by modelling reaction mechanisms

reducing cost and waste of expensive materials (Pt, Ir, L1, Co)

avolding toxic, radloactive, or explosive substances
(uranium oxides and plutonium compounds, nerve agents)

exploring systems that cannot be manipulated 1n the lab
(Astrochemistry, ultrafast reactions)



“The underlying physical laws necessary for the
mathematical theory of a large part ot physics and the
whole of chemistry are thus completely known, and the
difficulty 1s only that the exact application of these laws

leads to equations much too complicated to be soluble.

[t theretore becomes desirable that approximate practical methods
of applying quantum mechanics should be developed, which can
lead to an explanation of the main features ot complex atomic
systems without too much computation.” (Paul A. M. Dirac,1929)



hope: two simplifying structures

particle picture (1st Q.) orbital/mode picture (2nd Q.)

only palrwise interaction spatial decay

= 3 o M M

1<i<j<N
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classical computer
or
quantum computer?
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[...] nature 1sn’t classical,
dammit, and 1t you want to make a simulation of
nature, you'd better make 1t quantum mechanical,
and by golly 1t’s a wondertul problem, because
1t doesn’t look so easy.
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Yurin Manin Richard Feynman
“Computable and “Simulating Physics with
uncomputable” (1980) computers” (1982)
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Quantum versus classical: An estimation

2 h? ? <V> /3
Id 1 : >\ _— Gl —
eal gas (1 T N
electrons /\(e) ~ 109 S
& nuclei: th 10~ m
(T=298K) )\EE) ~107"—107"%m <  atomic scale

electrons: quantum
:V,\ nuclei: classical
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Outline

1) Notation & concepts
2) Variational principles
3) Classical methods in Quantum Chemistry
4) Fermion-to-qubit mapping

5) Estimating energy expectation values

)
)
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)
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6) Variational quantum eigensolver
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1) Notation & concepts
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Conventions

B use of Hartree atomic units: h=m,=e =4meg =1

—> length in units of Bohr radius, energies in Hartrees

B energy (gaps) with chemical accuracy: AFE < 1.6mHa
—> leading order of reaction rates correct (Eyring)

B Pauli matrices/ . 0 1 0 —2 1 0O
P Og = y Oy = : y Uz —
aull matrices/operators: 0, 0 y - 0. 0 _1

or 01,092,03

or X.Y. Z 15



molecular Hamiltonian

Nn Nn Ne
A YVA:, 1
Hmol — E VA -+ E , A E :V?
QM A Rap 2 &=
A<B i=1
v .
nuclear kinetic nucleus nucleus electronic kinetic
Ne Ny Ne 1
j j ‘ /}” . o
i= 1 A= 1 ria i<j
N e’ N o’
electron nucleus electron electron
Y

— 7:111+‘Z111+Te+‘76n+‘766
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Born-Oppenheimer approximation

My >m.=1 =) “nuclei move slower than electrons”

—> separation of nuclear and electronic degrees:

U(r,R) =~ (r;R) x(R)
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Hilbert spaces & truncations

1-particle Hilbert space:
HWY = L2(R® x Zy) = L*(R*) @ C® = H

(1)
1

S

truncationﬂ by choosing finite basis

set of atomic orbitals

HES&IIC — H[.(’ltz‘un(- ® Hgl) g CL ® CQ

with dimension d = 2L
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N-termion Hilbert space

with dimension (;\i)

Fock space
d
F(H) =AY HY
N=0

with dimension 2¢

AN
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ond quantization (w.r.t. orthonormal basis for 74(1)

ny,ma, . na) = ()M (FD)]Q)

n, € {0,1}, Vi =1,...,

d
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Hamiltonian in 2"¢ quantization
H, = thqf fot 3 Z Pogrs fy fo fr s
.q,T,5

where (according to Slater-Condon rules):

" /dr(b;(r) ( VQ Z r — RII) Dq(1)
Rpgrs = / o) d)q (r2) er(rQ) Ps(r1)

dry dry —- T — o]
| —




2) Variational principles
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Rayleigh-Ritz

given Hamiltonian H with [ — Z EJ‘\IJJX

j=1
- (V[H(|)
b =
S ey ©)
o (V[H(|)
by =
= b oy © 19

ﬂ V) L[Wy)

Wy

ground state

15t excited state
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ensemble variational principle

Ew — Z ijj

j>1
— min Tr[Hp
o Hp)
\ﬁ = w;[®;)XD)]

721

[Gross, Oliveira, Kohn, Phys. Rev. A, 87, 2805 (1988)]
[Ding, Hong, Schilling, Quantum 8, 1525 (2024 ]

Variational Principle

Qutcome

1K I,

Encrgy

Rayleigh-Fatz Ky Fan Gross-Oliverra-Kohn
(RR) (KF) (GOK)
v v v
Subspace of K
Ground state lowest 5 Jowest
e1genstates eigenstates
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3) Classical methods in Quantum Chemistry
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Hartree-Fock ansatz

E, < min (U|H|WU
Lo |‘I’>€MHF< | | > ?
t 0|W)
[U) =le1) Ao Alen) o Lo L o)
= An|p1) ® ... ® |pn)
p1(r1) pa(ry) pn(r1)
U(ry,19,...,TN) = L p1(ra2) pa(rs) pn(rs)
’ ’ V' N! : :
p1(rn) pa(rn) PN (TrN)

F|90z> — 5‘i|90'i>

F'= F[{|y)) J\:1]

4

Hartree-Fock
energles & orbitals
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beyond Hartree-Fock: electron correlation

correlation energy (Lowdin):  Eeorr = Eexact — EHF

dynamic correlation:

- 1Instantaneous Interactions with other electrons

- perturbative

- weakly correlated, but aftects quantitative accuracy

static correlation:

- near-degenerate configurations

- non-perturbative

- strongly correlated, qualitatively important
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Configuration Interaction (CI)

single (S) double (D) triple (T) ...

- C (A — F _'_

E— h =— b —t— b —t—
S ( T < a :> C :> hierarchy of ansatzes:
t -'_1_ l _i_ [ i
A S EE & S R VA CISD, CISDT., et
k= koS- kS ko — ’ , €LC.
i) 7) ;) )

Wcr) = |Pur) +Z c;|Dy) +Z o) “b
1,a 1,7,a,b

— (H‘i‘ZC? fl_i— Z ?Jb afbflfj )‘(I)HF>

1,0 1,7,a,b



Si1ze conistenoy

4

Conﬁguration Interaction 1s not size-consistent as

ECI(AB) # ECI(A) + ECI(B)

—

very bad
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Coupled Cluster (CC)

|\Ifcc> — GT‘(I)HF>, T = T1+T2 (‘i—Tg—l—)

= (1 + AT+ AT+ T + AT + LT 4 ) D).

Ty = Z tiof ) fiy Ty = Z tgffifgfifj, .

1,a t,7,a,b

hierarchy of size-extensive ansatzes: L .
Ia+lp — laplp

aS €

CCSD, CCSDT, etc.




Summary (classical methods)

mean-field theory provide foundation for most
chemical intuition

the right’ methods work remarkably well, yet we
have no formal theory of errors

challenge for computational chemistry:
How to treat strong correlation?
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[...] nature 1sn’t classical,

dammit, and 1if you want to make a simulation
of nature, you'd better make 1t quantum
mechanical [...]
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Yurin Manin Richard Feynman

“Computable and “Simulating Physics with
uncomputable” (1980) computers” (1982)
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Quantum computing workflow

ab 1nitio Hamiltonian

1 |:> ]:[:Zh,qu;fq"—% Z hpqrsf;f(jfrfs
D,q

p.q,7,Ss

o

system & geometry ﬂ

Current Microwaves
Laser Electron
, - vy | output
qublt é Capacitors ". “. 2 ¢ A >
Laser
p]atform : - ‘ -
Electron 2
Excited
Superconducting loops  Trapped ions Silicon quantum dots Topological qubits Diamond vacancies state
s, Parameters :>
0 ~{Had) e
quantum Input """" ClﬂSSiCﬂl |0> Had (_}FTf
. state computer
algorithm 0) ~{Had) —A
Measurement [ ) [Uz ] {Uzl ] [Uz‘ ] [¢m)

readout




Quantum algorithms

® Variational (NISQ-era) algorithms
* Variational Quantum Eigensolver (VOE)
* Quantum Imaginary Time Evolution (QITE)

m State preparation + phase estimation (fault-tolerant era)
* Quantum Phase Estimation (QPE) and related techniques
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4) Fermion-to-qubit mapping
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fermions

FIT]

1

general setting/goal

qubits
1somorphism J ( (Cz) ®d
< J—l
: - S
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Jordan-Wigner (1928)

fermions qubits
1,1,0,0) - LY
[a(i) 0(.i)] =0
i 20
f - R (+) (=)
fjn f] >< O']- : Jj
2 2 +
[P ]
CAR fufilled
o)1) £~ 1) O(d)
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eftect on wavefunctions

fermions qubits

1,1,0,0) = £1£110,0,0,0) ——— [T 44 =61"6163" 14,4, L4

ZC’n\nl,ng,... ), ZDG|01 ,02 . ((1)>,
ni = {0,1} — (1)
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alternative mappings

m parity mapping —> overhead O(d)

m Bravyi-Kitaev mapping ©—» overhead O(logd)

B references:

"P. Jordan and E. Wigner, Z. Phys. 47, 631 (1928)]
[S. Bravyi and A. Ritaev, Ann. Phys. 298, 210 (2002)]

[F. Verstraete and J. I. Cirac, J. Stat. Mech.: Theory Exp., P09012 (2005)]
[J. 'T. Seeley, M. J. Richard, and P. J. Love, J. Chem. Phys. 137, 224109 (2012)]
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5) Estimating energy expectation values
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measurement of single qubits

m glven device

]

measurement ot 0.

® measurement of 0¢ = €,0, +€,0, + €.0;

(0e)w = (V]oe |V)
= (U|Uc, UT|U)

L

_ |yt

1
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measurement of Hamiltonian

m system of d qubits: cannot directly measure H

A

m estimation of (H )y by measuring fragments:

however, 4°Pauli strings to measure

@ quantum chemistry

‘only’ d* Pauli strings to measure
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reduction of measurements

m l1dea: identity commuting Pauli strings

e°g‘ OA-:L’ @ 1; 1 ® OA-;Ea OA-;E ® OA_:I:
or 0;® 0y, 0y R0y, 0,0,

m In general: two Pauli strings elther commute or anticommute

'

1 mod?2 = even, odd
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measurement process

m estimating (A)y = (U|A|D) A= aglINI
2
I

= zoélpf
I

m corresponds to sampling random variable A ~ (pr, o)

m uncertainty: Vary(A) = Varg(A) = (V]| A?|T) — (U] A|T)?
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Shot noise

m K times sampling A = sampling once A= (A; +..

m uncertainty: Var(A) = Vary(A)/K
m estimating <[:]>\p = Z n; (05)w

J
—> Varg(H) =) 7} Vary(6;)
— different sampjling strategies:

[Arrasmith, Cincio, Somma, Coles, arXiv:2004.06252]

Ax)/K
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6) Variational quantum eigensolver
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SOoIme

sultable
ansatz

hybrid scheme

[graphics from Commun. Physics 6, 4 (2023)]

|Lp(9)) > E(Q)

10)— a
& 7~ /\/L\/
0—> 7~

u() Classical

optimizer

Al 7 /\\/\/

L
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Unitary Coupled Cluster

it 4 (pat
Vyce) = el 1 | Opr) = g2 (1 =7;) | Dpr)

Trotter decomposition
typically first order: r = 1 ﬂ

J A
— (7T
|\I}UCC H r J) ‘CI)HF>
Fermion-qubit mapping ﬂ J

’TJ—TJ — zZP‘]
|\IJUCC) Hexp{itj E PA:j}|<I>HF> — H Hexp{z’tjPA?} | Opr)
k j k

Babbush, McClean, Wecker, Aspuru-Guzik, Wiebe, Phys. Rev. A 91, 022311 (2015)]
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2-qubit building blocks

quantum circuit representation ot exponentiated Paulis:

(Pauli gadget)

—10Zp
qA ® e *
B H S Rz(26) oD H
B—iﬂ(ZA®ZB)
B—iﬁ(z,q RXEB)




ADAPT VOE

ansatz of UCC too rigid + Trotter error —)> alternative approach

2) Operator Pool

5) Measure Gradients @

4 Ars | aF3 Ar5 | aTs
) / (qu + qu) % (TM + Tﬁq) }

(n)
4 OE™ /o |iry A1le™
Tz 55— = (|l Ay ) Ves
_f;l; % — <4,(n) (A, Aj] tp(")>
Select operators 2 . ,
‘¢(0)> _ l"’HF> From Pool z 6) Converged?
o
4 No
aE(n) o
@ v <l!’(") [H, AN] ll’(")> Select operator
N ; .
with largest gradient

8) VQE: Re-Optimize all parameters

E(” 1) — min <lIJHF| e 91Al ..p 9n+1An+1H69n+1An+l e eglAl 'lpHF>

(n+1)> _ eO/i,,H
aln+1)

lPguess

lP(n)>

g+l — (6", 0}

guess

[Grimsley, Economou, Barnes, Mayhall, Nature Commun.10, 3007 (2019)]



Outlook
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Quantum advantage in Quantum Chemistry (?)

classical quantum

hard easy
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expectation

m total cost/time: C = Rstate prep X C'reﬁnement
- Classical Quantum speedup | Advantage | Likelihood
Rgtate prep X O(poly(L)poly(1/€)) refinement poly. common
Rgate prep X O(poly(L)exp (O(1/€)) refinement exp. possible
eOL) x Crefinement state prep. poly. common
eOL) x Crefinement state prep. exp. unlikely

e/L

g

m quantum advantage refers to Cllassical = f(Cluantum)

Chan, Faraday Discuss., 254, 11 (2024 ]
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Thank youl

Any questions?
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